The nutrient reference conditions of lakes play a key role for lake water quality control and water resource management. The inferential models are important methods for calculating reference values; however, the dependence and "cluster" in time series make time series data difficult to be applied in these methods. A new method based on Markov chain theory, which is used for modeling the dependence of data, and extreme statistics was proposed. The new method was used to estimate the nutrient and chlorophyll a reference conditions in Taihu Lake, which is the third largest freshwater lake in China. The results showed that there was remarkable dependence between the effective observations of total nitrogen (TN), total phosphorus (TP), and chlorophyll a. The recommended reference conditions of TN, TP, and chlorophyll a in Taihu Lake were 0.69 mg/L, 0.029 mg/L, and 1.89 µg/L. Their 95% confidence intervals were 0.62-0.76 mg/L, 0.028-0.030 mg/L, and 1.55-2.23 µg/L. These results were consistent with previous researches, which showed that the proposed method is reliable and effective. The length of the intervals was remarkably reduced when compared with several methods. This implied that the proposed method could make full use of the observation data in time series and significantly improve the precision of the estimation results of reference conditions. In general, the proposed method could provide high precision and reliable lake nutrient reference conditions, which would be beneficial to lake water resource management and can be used for estimating the TN, TP, and chlorophyll a reference conditions of other lakes.
Introduction
Lake water resource management is becoming more and more important due to increasingly serious water pollution problems, especially in the development region of eastern China. Estimation of the lake nutrient reference conditions plays a key role in pollution control and water resource management and provides a baseline for developing water quality benchmarks [1] . Therefore, it is necessary to study the nutrient reference conditions of lakes.
Lake nutrient reference conditions are considered as the nutrient levels least impacted by human activities in lakes [1] [2] [3] . The total phosphorus (TP), total nitrogen (TN), chlorophyll a, and Secchi depth (SD), which are frequently used to represent the trophic condition in lakes [4, 5] , are often chosen The block generally extreme values (GEV) [26] and peak over threshold (POT) [27] theories was also used to infer the reference conditions of Taihu Lake. The two methods overcome the above faults by ensuring the independence of the observations as much as possible [28] , with the cost that only a small number of observations can be used effectively. Only one observation per year can be applied in the block GEV method, while the POT method can utilize slightly more data. This causes a huge waste of data of which acquisition is difficult. Moreover, poor utilization of data leads to low precision for the estimation of nutrient reference conditions.
Based on the combination of Markov chain and extreme theories, a new method for estimating the nutrient reference conditions was proposed, and the reference values of TN, TP, and chlorophyll a in Taihu Lake were discussed and determined by the proposed method. This showed that the observations can be used more effectively and the precision of the reference values was higher than the results of GEV and POT.
Research Region and Data Sources
Taihu Lake lies in the south east of China, and is the third largest fresh water lake with an area of approximately 2445 km 2 . The lake is very shallow and the mean depth of Taihu Lake is only about 1.9 m. Around the lake, are the most developed cities of the country. Suzhou, Hangzhou, and Wuxi, which are located around the lake, had a GDP of more than 1 trillion dollars last year. Shanghai, the wealthiest and most dazzling city of China, is also close to the Taihu Lake. There is a population of a hundred million living around the lake and some of their water supply relies on it.
The water quality of Taihu Lake has seriously deteriorated over the last forty years. In the spring and summer, algae blooms occur frequently in the lake [29] . Although the government has spent a lot of resources to improve the water quality of Taihu Lake, it has not been effective. For the importance of the water quality of the lake, the estimation of its nutrient levels has attracted much attention.
The data used in the paper were obtained from the Chinese Ecosystem Research Network (CERN) who provided the TN, TP, and chlorophyll a observations from eight monitoring sites. Figure 1 shows the site locations [30] . Note that there is no site 2 due to historical reasons. faults by ensuring the independence of the observations as much as possible [28] , with the cost that only a small number of observations can be used effectively. Only one observation per year can be applied in the block GEV method, while the POT method can utilize slightly more data. This causes a huge waste of data of which acquisition is difficult. Moreover, poor utilization of data leads to low precision for the estimation of nutrient reference conditions. Based on the combination of Markov chain and extreme theories, a new method for estimating the nutrient reference conditions was proposed, and the reference values of TN, TP, and chlorophyll a in Taihu Lake were discussed and determined by the proposed method. This showed that the observations can be used more effectively and the precision of the reference values was higher than the results of GEV and POT.
The data used in the paper were obtained from the Chinese Ecosystem Research Network (CERN) who provided the TN, TP, and chlorophyll a observations from eight monitoring sites. Figure 1 shows the site locations [30] . Note that there is no site 2 due to historical reasons. The observations of different sites at the same time can be considered as independent. The years of observations were from January 1995 to December 2006. Observations were conducted once a month and the experimental method was introduced in the reference. There were no missing data and 1152 available data points. The observations of different sites at the same time can be considered as independent. The years of observations were from January 1995 to December 2006. Observations were conducted once a month and the experimental method was introduced in the reference. There were no missing data and 1152 available data points.
Methods
The Extreme-Markov method was developed from the Pareto distribution theory, which is also the basis of the POT method [28] . In detail, the method was based on three major assumptions: (1) The marginal distribution of observations in Taihu Lake was the generalized Pareto distribution (GPD); (2) The joint distribution of observations and next observations was a logistic function; (3) The observed data had the Markov property. The first assumption was confirmed in a previous study [27] . The second and third assumptions are checked in the results section.
The GPD theory shows that the observation should follow Equation (1) when it is higher than threshold value u. It can be obtained, like the POT method, by mean residual life plots [31] .
H(y) is the GPD of y. It means that:
where x t is the observation data at t time. ξ and σ are the parameters of GPD. The two parameters can be worked out by the maximum likelihood method if the observations are independent. Then, the transformations
induce a variable x t whose distribution is standard Fréchet for x t > u.
According to the theory of multivariate extreme theory, the joint distributions function of x t and x t−1 should be
The function V( x t , x t−1 ) has to satisfy a set of conditions and the most commonly chosen is the logistic function [28, 32] , which says
The α is a dependent coefficient and α = 0 means that x t and x t−1 are independent, while α = 1 means that x t is determined by x t−1 . The joint density function of x t and x t−1 is
In the Extreme-Markov method, it is assumed that the observed data have Markov properties. It means that the probability density function of data f (x t ) obeys the following equation
So, the likelihood function should be
The h(ξ, σ; x t ) is the density function of GPD. The parameters in Equation (8) can be estimated by the maximum likelihood method, which must be solved by numerical technology in this condition.
After that, the quantiles and their confidence interval can be worked out by the bootstrap method. Usually, the Extreme model deals with the maximum data so that the observations should take the opposite in order to work out the reference conditions [28] . Table 1 shows the characteristics of the observations at the eight sites in Taihu Lake. The mean and maximum value of TN, TP, and chlorophyll a were very high at these sites. This implies that eutrophication had been a great problem for Taihu Lake for these years. The kurtosis and skew of observations showed the distributions of the values deviated seriously from the Gaussian to higher values. All of these statistics indicated that the water quality of Taihu Lake was terrible and had been seriously affected by human activities, so its nutrients and chlorophyll a reference conditions have to be established carefully from these observations. Figure 2 shows the TN, TP, and chlorophyll a time series of site 7 while the observations of the other sites are not shown since they were similar to this one.
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is the density function of GPD. The parameters in Equation (8) can be estimated by the maximum likelihood method, which must be solved by numerical technology in this condition. After that, the quantiles and their confidence interval can be worked out by the bootstrap method. Usually, the Extreme model deals with the maximum data so that the observations should take the opposite in order to work out the reference conditions [28] . Table 1 shows the characteristics of the observations at the eight sites in Taihu Lake. The mean and maximum value of TN, TP, and chlorophyll a were very high at these sites. This implies that eutrophication had been a great problem for Taihu Lake for these years. The kurtosis and skew of observations showed the distributions of the values deviated seriously from the Gaussian to higher values. All of these statistics indicated that the water quality of Taihu Lake was terrible and had been seriously affected by human activities, so its nutrients and chlorophyll a reference conditions have to be established carefully from these observations. Figure 2 shows the TN, TP, and chlorophyll a time series of site 7 while the observations of the other sites are not shown since they were similar to this one. Figure 2 implies that there was a "cluster" phenomenon in both the maximum and minimum values. This means that high observations were followed by high values while low values came after low concentration. This may be because the observations of TN, TP, and algae growth were strongly influenced by the nature condition, which usually appears as a cluster. Figure 3 shows the autoregressive coefficients of the TN, TP, and chlorophyll a observations at site 7. Unsurprisingly, the results indicated that there was a dependence between the observations and the values following it. The necessary actions to apply the Markov model were performed to deal with this dependence. Furthermore, in most figures only the lag 1 coefficients were significant under 95% confidence because the nature environment, which affects water quality, using temperature and flow rate as examples, showed obvious differences after two or three months in the Taihu Lake region. This also implied that the first order Markov model may be suitable to manage the dependence in these observations.
values Figure 3 shows the autoregressive coefficients of the TN, TP, and chlorophyll a observations at site 7. Unsurprisingly, the results indicated that there was a dependence between the observations and the values following it. The necessary actions to apply the Markov model were performed to deal with this dependence. Furthermore, in most figures only the lag 1 coefficients were significant under 95% confidence because the nature environment, which affects water quality, using temperature and flow rate as examples, showed obvious differences after two or three months in the Taihu Lake region. This also implied that the first order Markov model may be suitable to manage the dependence in these observations. The cluster and dependence of the observations' time series indicated that the quantile selection method-based independence hypothesis, such as the frequency analysis method, could not be applied. Most observations must also be given up to keep the data independent in the block GEV method [26] and the POT model [27] . In fact, the waste of data made almost all the methods, which were based on the time series observations, show a fall in the precision of the results [33, 34] .
As the data used in this paper were the same as in the reference paper, the thresholds that were u in Equation (1) of the opposite number of TN, TP, and chlorophyll a could also be the same as in this paper, which were −1.0 mg/L, −0.05 mg/L, and −4 μg/L [27] . The results showed that these thresholds were suitable for the extreme model. Figure 4 showed the results of the Extreme-Markov model diagnostic on the opposite number of TN, TP, and chlorophyll a. The cluster and dependence of the observations' time series indicated that the quantile selection method-based independence hypothesis, such as the frequency analysis method, could not be applied. Most observations must also be given up to keep the data independent in the block GEV method [26] and the POT model [27] . In fact, the waste of data made almost all the methods, which were based on the time series observations, show a fall in the precision of the results [33, 34] .
As the data used in this paper were the same as in the reference paper, the thresholds that were u in Equation (1) of the opposite number of TN, TP, and chlorophyll a could also be the same as in this paper, which were −1.0 mg/L, −0.05 mg/L, and −4 µg/L [27] . The results showed that these thresholds were suitable for the extreme model. Figure 4 showed the results of the Extreme-Markov model diagnostic on the opposite number of TN, TP, and chlorophyll a. Both the probability, quantiles-quantiles (QQ), and return level plots implied that all of the opposite number of observations higher than the threshold were included in the 95% confidence interval boundaries of the Extreme-Markov models. This implied that the observations of TN, TP, and chlorophyll a fitted the model well. Table 2 shows the comparisons of the POT and Extreme-Markov theories, where the model forms were similar to each other, and were estimated by the same data with the same thresholds. The number of observations was almost twice that of the POT model, which means that the data could be more effectively used in the Extreme-Markov model for estimating the reference condition. The standard errors (se) of the model parameters were only about 50% smaller than that of the POT model. This suggests that the precision of the Extreme-Markov models was significantly higher than the POT models. Furthermore, the α in the model was less than 1, meaning that there was significant dependence between the effective observations, especially in the chlorophyll a model where α < 0.5, so the dependence must be considered when the reference conditions models are built by time series data in Taihu Lake.
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Discussion
Corresponding to the quantiles selection method, a certain quantile value would be specified as the reference conditions. Considering the serious eutrophication state of Taihu Lake, Zheng [11] selected 5% quantiles as the reference values using the frequency analysis method. The same quantiles had also been recommended as the reference values of Taihu Lake by the seasonal decomposition model [33] . Chen et al. [10] also inferred the reference conditions of Chaohu Lake, whose state was very similar to Taihu Lake when using 5% quantiles.
Although 5% quantiles have been selected for several methods and studies in Taihu Lake, 25% quantiles, which have also been applied by the U.S. EPA [1, 2] for the reference lakes method, have been recommended in extreme models [26, 27] as the extreme model used the better data of Taihu Lake. The 25% quantiles were applied in this paper as the Extreme-Markov method is also one type of extreme model. Table 3 shows the reference conditions and their 95% confidence intervals of Taihu Lake inferred by the Extreme-Markov approach, the POT model, and the GEV model. Table 4 gives the results of the reference conditions in Taihu Lake by other methods for comparison. All of them only provided the point estimation except for the seasonal decomposition model [33] , of which the 95% confidence intervals are also shown. As shown in the tables, the TN and TP reference values estimated by the proposed method were very similar to the results worked out by the POT, GEV, frequency analysis, and seasonal decomposition methods. The Chinese Academy of Sciences conducted a large scale investigation into the water quality of Taihu Lake in the 1960s [35] and the results showed that the observations of TP were about 0.01-0.05 mg/L. The median was 0.030 mg/L. Considering that the water pollution in Taihu Lake grew after the 1980s, the median of TP values could be used as a reference point reflecting the water quality less impacted by humans. It also supports the fact that the reference conditions of TP estimated by the Extreme-Markov models are appropriate. The chlorophyll a reference values were a little lower than those of the frequency analysis method, however, this was unsurprising. The data used in the reference [11] was in the 1990s and algae bloom occurred frequently during this period in Taihu Lake. This would certainly have caused the chlorophyll a observations to be elevated abnormally so that the reference condition worked out from these data would be significantly high. Generally speaking, considering the resemblance between the reference values calculated by the proposed model and previous research using many different methods, the reference conditions obtained by the Extreme-Markov model were reliable.
Compared with the results of the POT using the same data and threshold values, the confidence interval calculated by the proposed method was reduced by 36.3%, 33.3%, and 9.3%, respectively. For the results of the GEV methods, the reduced ratios were 46.1%, 86.7%, and 32.6% and for the seasonal decomposition method, it was reduced by 46.7%, 90.5%, and 13.9%. These results imply that the Extreme-Markov theory performed with a remarkably higher precision than the POT, GEV, and seasonal decomposition method.
Conclusions
The nutrient reference conditions of lakes are very important for water quality protection. Since there are dependent and "cluster" in time series observations, historical data analysis such as the frequency analysis method is difficult to apply with time series data. The POT and GEV methods included in inferential models can be used, but waste a lot of data, leading to low precision in the estimation of nutrient reference conditions.
A new reference condition estimation method based on extreme and Markov chain theories was proposed. In this method, the GPD was the marginal distributions of the opposite number of TN, TP, and chlorophyll a observations. The dependence among the observations was modeled by logistic function, and then the likelihood function of the model was obtained on the basis of the Markov chain hypothesis. More observations with serious "cluster" and dependences in time series could be applied to estimate the reference conditions by this method. The proposed approach was employed to work out the reference conditions of Taihu Lake. The results showed that the method was reliable and that there was notable dependence between the effective observations of TN, TP, and chlorophyll a. The 25% quantiles of the proposed models were recommended as the reference conditions of TN, TP, and chlorophyll a in Taihu Lake. The corresponding values were 0.69 mg/L, 0.029 mg/L, and 1.89 µg/L, and the 95% confidence intervals were 0.62-0.76 mg/L, 0.028-0.030 mg/L, and 1.55-2.23 µg/L, respectively. It also showed that the Extreme-Markov method could reduce the 95% confidence intervals significantly in comparison to the results of the POT, GEV, and seasonal decomposition approach. This means that this method remarkably improved the precision of the reference values. This provides a useful exploration for the estimation of lake reference conditions and can be extended to the study and management of other lakes.
